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3.1 INTRODUCTION

In the first two units of this block we have introduced the concept of a definite integral and
have obtained the values of integrals of some standard forms. We have also studied two
important methods of evaluating integrals, namely, the method of substitution and the method
of mtegration by parts. In the solution of many physical or engineering problems, we have to
integrate some integrands involving powers or products of trigonometric functions. In this
unit we shall devise a quicker method for evaluating these integrals, We shall consider some
standard forms of integrands one by one, and derive formulas to integrate them.

The integrands which we will discuss here have one thing in common. They depend upon an
integer parameter. By using the method of integration by parts we shall try to express such an
integral in terms of another similar integral with a lower value of the parameter. You will see that
by the repeated use of this technique, we shall be able to evaluate the given integral.

Objectives

After reading this unit you should be able to derive and apply the reduction formulas for
- ‘. x"e"dx

® sm“:dx,-l. cos" x dx I tan " xdx, etc

. sin™ x cos" xdx
° " ™ sin” x dx
® " sinh" xdx, I cosh " xdx

3.2 REDUCTION FORMULA

Sometimes the integrand is not only a function of the independent variable, but also depends
upon a number n (usually an integer). For example, in _[ sin” xdx, the integrand sin"x depends
on X and n. Similarly, in I ¢" cosmx dx, the integrand ¢* cosmx depends on x and m. The
numbers n and m in these two examples are called parameters. We shall discuss only integer

parameter here.
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3.4.1 Integrand of the Type sin®™xcos" x
The function sin®xcos"x depends on two parameters m and n. To find a reduction formula for

j sin" xcos" dx, let us first write

m L}
[ o = Iim x cos xdx

Since we have two parameters here, we shall take a reduction formula to mean a formula
connecting 1__and IH, where either p <m, or g <n, or both p <m, q <n hold. In other words,
the value of at least one parameter should be reduced.

sin X

Ifa=1]1_, = I*in“:cm: de { m+ 1

+ ¢, when m = =1

In|sinx| + ¢, when m = -1

Hence we assume thatn > 1. Now,

los = I:m'" xcos” x dx = I cos” x (sin™ x cosx) dx

Integrating by parts we get
n-1 = | el
cos = X,.Sin X ) sin" X ,
lps = - j{n-l}mﬂ": x (—sinx) dx, if m = -1
m+ 1 m+
cos™ ! xsin™' x n-1 ) v
= g + = Ism"‘: cos"? x (1-cos? x) dx
m
cos™ ' x.sin™'x n-1
- m+] + — [Im.l—l = Im_ul
Therefore,
- n-1 I _m+n _ms"'nsin’“""x & n-1 !
s+l ™ '™ m+1 me] e
This gives us,
L - cns“‘:sin'*lx+ n-1 I
e m+ln m+=n na=3 '{3} Remember we have taken m > 1

But, surcly this formula will not work if m + n = 0. So, what do we do if m+ n = 07 Actually we
have a simple way out. If m + n =0, then since, n is positive, we write m = -n.

Hence I__, = J sin "xcos" xdx = j::nt" xdx, which is easy to evaluate using the reduc-

tion formula denved in Sec. 3 (See E2)).

To obtain formula (3) we had started with the assumption thatn > 1.
Instead of thas, if we assume that m > 1, we can write

Ioa = I sin™xcos” xdx = j sin™"'x (cos” x sin x) dx. Integrating this by parts we

get

= =] fiel
-sin™" xcos™' x :
I_. = - {m-=1) ‘Il:m"ﬂ:msx
n+l

(-cos™' x)
n+l

dx for o= -1
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Integral Calculus 3.3.1 Reduction Formulas for Iuin“: dx and qu:" x dx

In this sub-section we will consider integrands which are powers of either sinx or cosx. Let's

take a power of sinx first. For evaluating I sin” xdx, we write

I* = Isin“xdx= J-sin“"x sin xdx, if n> 1.

Taking sin™'x as the first function and sin x as the second and integrating by parts, we get
I, = -sin" " xcosx - (n-1) Isin"'llcun (-cosx) dx

= - sin™"

xcosxX + (n-1) I sin"?x cos® x dx
= - sin™" xcosx + (n=1)[ Jsin‘"'1 x{1-sin” x) dx

* = = sin™ xcosx + (a~1) [Isin"' 2, dx - J' sin” x) dx]
= — sin"" xcosx + (n-1) [1,.,-1,]

Hence,
I,+(n=-0N1I, = -sin™' x cosx + (n - Dl,_,

Thatis, nl, = -sin™" x cosx + (n=1) I ,_, Or

—sin™" x cosx n-1
ln - oy I 2
n n

This is the reduction formula for I sin” xdx (valid for n 2 2).

Example 2 We will now use the reduction formula for J sin" xdx 1o evaluate the definite
forn=1

LI
ntegral, L sinxdx. We first observe that

&2
/2 ~sin""" xcosx n-1 =2 ..
—cosx + ¢ sin"xdx = - ——— y — sin’ - xdx
n n 0
n-1 p="
B ——

n

z/2 4 /2
g . 3
Thu dx = — sin” xdx
5, L an K 5 jﬂ

22
- $ : 2- Isinxd:

5 3 do
- 8 (—cosXx) .‘

[ sin” wdx = [ sinx dx

sin"2 xdx, n 2 2.

n

8
15

’ n '
Let us now derive the reduction formula for J‘ cos” xdx. Again let us write

I, = Icm“ xdx = Ir,us"" x cos xdx, n > L.

Integrating this integral by parts we get
I, = I cos" ' x sinx - j (m=1)cos* *x (= sinx). sin x dx
= cos™” xsinx+ (n-1) I cos™* x sin® xdx

= cos"” xsin x + (n~1) Ims"'l x(1 —cos” x)dx

= cos" xsinx + (n-1) (I, - 1,)

T0



By rearranging the terms we get Reductlon Formulas

. cos™! xsinx n-1
I, =j:us Adx = n + = [a-2
This formula is valid for n 2 2. What happens when n =0 or 17 You will agree that the integral
in each case is easy to evaluate.

As we have observed in Example 2,

"3 n-1 *_ .
L gsin"xdx = — sin™? xdx, n =2.
n

Using this formula repreatedly we get

[ i 2 : w3
- 1." 3,” S ig—j gin x dx, if n is an odd number, n2 3,
n/2 |l n n=2 n-4 53 4
n-10-3 n-3 3.1J' dx, if n is an even number, n2 2.
{ n n-2 n-4 42 %
This means
n-1 a-3 . iiit':'J.ist:u:hi.nmil1133
xi!2 o n n-2 5 3
L sin "xdx = < .
n;‘:j; ........ T.-;—l;—,ifniacvcnnzl‘

E—i ......... n-3‘n-l_ if n is odd, n =z 3
=/ J 5 n-2 n
LI sin " xdx = ¢ :
A — “_I.l* if n is even, n 2 2
2 4 n 2
=il
Arguing similarly for cos” x dxwe get
<0
(2 4 -~
— - E—]-.il'nis odd, and n 2 3
w2 i3 3 5 n
L ms“xdxzr sin” x dx =
0 -
% %,.._*..._nnl.iifnis even, n 2 2

We are leaving the proof of this formula to you as an exercise See E1)

E EI) Prove that
S S D= . if 2 isodd, a2 3
xnil s 3 5 n
J‘U cos xdx =
1 3 - .
2 R nn]..;—.ifnmﬂvcn,nzi
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3.3.2 Reduction Formulas for Illll" xdx and Is:c' xdx

In this sub-section we will take up two other trigonometric functions : tanx and secx. This 1s,

we will denive the reduction formulas for J tan" xdx iﬂd[ sec” xdx. To derive a reduction

formula for I tan" xdx, n > 2. we start in a slightly different manner. Instead of writing tan"x

=tanxtan™'x, as we did in the case of sin®x and cosx,. we shall write tan"x = tan™xtan’x. You
will shortly see the reason behind this. So we wnite

I, = I tan" xdx = _[tan“'I x tan” xdx.

= [ tan"Zx(sec” x-1)dx

=Imn“'=15cc: xdx - Jllnn"":nd:; —12)
You must have observed that the second integral on the right hand side 1s I_,. Now n the first

integral on the right hand side, the integrand is of the form [f{x)]".f (x)

As we have seenin Unit 11,

m+1
I[f{:}]"f‘{x}d: I LL)) A
m + |
n-2 2 '__jU_I'IHI
Thus.jtﬂﬂ xsec” xdx = T + C




Therefore, (2) give I, = Ix - 1.
n—
Thus the reduction formula for I tan" x dx is
n=1
[ tan® xdx =1, = S
n-1|

To derive the reduction formula for I sec” xdx (n > 2), we first write sec™ = sec™* x sec’ x,

and then integrate by parts. Thus
I, = Is:c" xdx = Iscc"zx sec? xdx

A=l 3

= §eC xtan x={(n-=2) J sec"™ x, sec x tan® xdx
=sec”* xtanx -(n-2) Iwr:"‘1 x tan”® xdx

= soc™ 2 xtanx —(n—-2) .I':u:l:"'2 x(sec’ x~1) dx

= sec"* xtanx-(n-2) (I, =1,_3)

After rearranging the terms we get

| i
I::c'xdx=1“=m Xtanx = n Zln_:
n-| n-|

These formulas for | tan" xdx and [ sec” xdx are valid forn >2. Forn=0, | and 2, the

integrals I tan” xdx and I sec” xdx can be easily evaluated. You have come across them in

Umits |1 and 2.
~ [ 4 Lo
Example3 Let's calculate ) ju tan” xdx and W) L sec” x dx
n/d
n'd 4 id
ﬂL “”5“””“:] - [ tan® xdx
4
’ n'd
tan? n/d
- - ] + tan xdx
4 X 0
0
il o
=£ _“l_ & L‘ Sin X i
4 2 cos X
| ®id
= - — = |n (cosx
-
0
i ~In —_ +Inl
4 V2
= - L In V2
2 u'd
e 14 x'd
i) sectxdx = o0 S sec” xdx
5 5
D n/d 9 -
- 4 4 |sec” Xtan x o 2
"5 s 3'_'] +3 by sect xex
0
i _g_ 1 uid 3
DATRETE e
mid
4 8 28
= - % tan x = —
3 15 ; 15

On the basis of our discussion in this section you will be able to solve these exercises,

Reduction For

"l;-:-u mus! have now realisec
why we wrole
an™ = an's an*x

13




3.4 INTEGRALS INVOLVING PRODUCTS OF TR P—
TRIGONOMETRIC FUNCITONS

In the last section we have seen the reduction formulas for the case where integrands were
powers of a single trigonometric function. Here we shall consider some integrands involving
products of powers of tngonometric functions. The technique of finding a reduction formula
basically involves integration by parts. Since there can be more than one way of writing the
integrand as a product of two functions, you will see that we can have many reduction
formulas for the same integral. We start with the first one of the two types of integrands which
we shall study in this section.

3.4.1 Integrand of the Type sin™xcos" x
The function sin®xcos*x depends on two parameters m and n. To find a reduction formula for

j sin™ x cos” dx, let us first write

Ll L}
e = Iim X cos xdx

Since we have rwo parameters here, we shall take a reduction formula tgp mean a formula
connecting I_u_lndlu, where etther p <m, or q < n, or both p < m, q <n hold. In other words,
the value of at least one parameter should be reduced.

sin™"' x

+ ¢, when m # -1
Ifn=1 Iy = Irm" xcosx dx { m+ 1

In|sin x| + ¢, when m = -1

Hence we assume that n > 1. Now,

| — jﬁn“nm'l dx = Iﬂﬂ"' x (sin™ x cosx) dx

Integrating by parts we get
-1 = _ el . mel
I, = cos”  Xx,.Sin X j{n-llm"zl (=sinz) sin— X P ——_—
m + 1 m+ |

cos™ ! xsin™' x < n-1

m +1 m+1

I:m"‘: cos"? x (1-cos” x) dx

I

cos™ ' xsin™'x an-1

= + I -1
m+) m+] [ m,m=2 m.ll

Therefore,
- n-1 [ o m#n _ms"'nsin“"x " n-1 I
- o™ m+1 " m+1 m+l ™2
This gives us,
I _cm"'xﬁn‘*'1+ n-1 I y
- m+1In sy 4 e D pemember we hove taen 5> 1

But, surely this formula will not work if m +n = 0. So, what do we do if m + n =07 Actually we
have a simple way out. If m + n =0, then since, n is positive, we write m = -n.

Hence [__, = Isin_'xms‘nh = jmt" xdx, which is easy to evaluate using the reduc-
tion formula derived in Sec. 3 (See E2)).

To obtain formula (3) we had started with the assumption thatn > 1.
Instead of thas, if we assume that m > |, we can write

Eim I sin™xcos"” xdx = I sin™'x (cos” x sin x) dx. Integrating this by parts we

get
. | n+l
L s 1?’“ I—{m-l] I:in"lxms:
n+

(-cos™ x)
n+l

dx for o # -1
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Xcos X m - .
+ —— | sin™* xcos™ x (1-sin? x)dx
n+l n+
xcos™'x m-=1
+ L I
n+l n+l"1" ma)
From this we obtain
=] mel
~ §in XCOs @ X m-|
1-_- e hd “--J_I} """""" (4)
m+n m+n

If m or n is a positive odd integer, we can proceed as follows

Supposen=2p + | P> 0, then

ls = Isin'xmil"":d:: - Il.in"" x (1-sin® x)* cosx dx
= It"tl-t:}'dlupuu-:in:-

Expanding (1-+°) by binomial theorem and integrating term by term, we get

: ™! tln] t--j {_le-tlptl
= — - o(p]) —— - v sesasaith =
= mel ) m+ 3 a» ]m-i-i m+2p+| i
sin™"' x sin™"’ x ™"
= = i + C(p2) - = Lssssssssns P
m+1 ) m+3 (P2) m+5
(=1)" sin™ ! x
= + :
m+ 2p+1

If m and n are positive integers, by repeated applications of formula (3) or formula (4), we
keep reducing n or m by 2 at each step. Thus, eventually, we come to an integral of the form

lpo o I, or I, or Iy,. In the previous section we have seen how these can be evalu-

ated. This means we should be able to evaluate [ , in a finite number of steps. We shall
now look at an example to see how these formulas are used

=/2
Example 4 Lclu:lr.ﬂhntL sin* xcos” x dx. Herem =4 and n = 6. Since m is the

smaller of the two, we shall employ formula (4) which reduces m at each step.

.} 7 —
-$in" XCOs8 X 3 2,
+

2
r sin*x cos® xdx =

10 10
0
3 2 . 3 &
- —— xdx
10 $in° X COS
7 il 1 n
3 |-sinxcos x - 6
m{ 8 ] i T T m’
0
using formula (4) again.
B 1 ur} &
20 L cos  xdx
L1 96 512

Are you ready to solve some exercises now?

E ES5) In deriving formula (4) we had assumed that m > 1. How would you evaluate, R

m=]?

e




3.4.2 Integrand of the Type e* sin*x
In this sub-section we will consider the evaluation of those integrals, where the integrand 1s a
product of a power of a tngonometric function and an exponential function. That is, we will
consider integrands of the type e*sin"x. Let us denote [ €™ sin® xdx by L. and integrate it
by parts, taking sin"x as the first function and ¢* as the second function. This gives us

e™ sin® x
S
We shall now evaluate the integral on the nght hand side, again by parts, with sin™ 'xcosx as
the first function and ¢* as the second one. Thus,

e I e™ sin"'xcosxdx.
a

o - xeox 1

*sin'x [eu sin®

- : e™ ((n=1)sin""? xcos’ x ~ sin® x} dx ]

_eMsin"x  n)e™sin" xcosx 1 Ic"l{n—lhin":l-nﬂﬂ' l}dl]
a a 4 a )
This means
e* sin” ne™ sin""' x cosx n-1 n’
L.l I"l- 3 . +q_1-!L"':-_]L'
a a’ B .

(m =1 i x cos'x
= (n=1) sn™* x (l-mn'n)
= (p=1) un*"x = (n=1)mn"x

mn




Entegral Catouies Rearranging the terms we get

ae™ sin®"x  ne"™sin®' xcosx n(n-1)
g 18 Sp—— 3, L3 3 2 al
n +a n +2a n +a

.

Given any L, we use this reduction formula repeatedly, till we get L, or L, (depending on
whether n is odd or even). Since L, and L are casy to evaluate, we are sure you can evaluate
them yourself. (See E8)). This means that L can be evaluated for any positive integer n.

Remark 1 If we puta =0 in L, it reduces to the integral | sin® xdx. This suggests that the

reduction formula for | sin® xdx which we have derived in Sec. 3 is a special case of the

reduction formula for L.
If you have followed the arguments in this sub-section closely, you should be able to do the
exercises below.
E E8) Prove that
[ L] [ L)

,],L..-E——+4: b) L,-It“linnd:- (asinx — COSX) + C.

a l+a




3.5 INTEGRALS INVOLVING HYPERBOLIC
FUNCTIONS

In this section we shall discuss the evaluation of integrals of the type
[ sinh® xdx, [ cosh® xdx, etc.

Actually, you will find that the evaluation of these integrals does not involve any new
techmiques. In fact, the procedure we follow here is very similar to the one we followed for

integrating sin®x, cos®x etc. Let us find the reduction formula for, say | tanh® xdx. We are

sure you will be able to follow this easily and derive the reduction formulas for the other
hyperbolic functions (see E11)).

if I, = I tanh ™ xdx, we can write
1, = [ tanh™? xtanh? xdx

= [ anh*2x (1-sech?x)dx

e | tanh™? xdx - junh"' x sec h? xdx

— ftanh X iu:hzl




Don't you agree that the above method is similar to the one adopted for _[ tan" xdx? The

following exercises can be easily done now.
E E11) Prove the following reduction formula :
sinh"™! xcoshx n-1

j:inh“ xdx = - -

I sinh ™ xdx

=

E El12) Derive a reduction formula for I cosh" xdx

That brings us to the end of this umit. We shall now summanse what we have covered
in it.

3.6 SUMMARY

A reduction formula is one which links an integral dependent on a parameter with a similar
integral with a lower value of the parameter,
In this unit we have derived a number of reduction formulas.

1. f x"e*dx = x"e" -n _[ x"'e* dx

n-1 .
| jﬂn':dunj}!‘ “E"E“ + n“l Ism'“l xdx, n2 2

=l _
1 Icm' xdx = S B o 1-1 I:m"lxdl, ne 2
n n

n=1

4 Imn"xd:- -J-un"'iid:.nzrz




n-2 =
1 ISﬂ"ndl=m AL - 2 _I'snc'*zxdx.n:rz
n-1l n-
12 11 Ei------m_—,lfnlsmid n23
I: sin” xdx =£ cos® xdx = {3 g n
6. | n-1n
- — ....—— if n'iseven, n22.
2 4 n 2

7 I sin™ x cos" xdx = - +

cos"' xsin™'x n-1

I sin™ x cos™ " xdx, n > |
m++n m+=+n

~-sin™ ' xcos"'x m-1 o
sin

= + ‘ xcos" xdx, m > |
m+n m+n
ac™ sin” x pe™sin™' xcosx n(n-1)
_[ e™ sin"xdx - + e™ sin™? dx
8 n1 +al n? +a? n? +a?
l-l

9 Imh'xd; e Iunh" xdx

n—

We have noted that the primary technique of deriving reduction formulas involves integration
by parts. We have also observed that many more reduction formulas involving other
ngonometric and hyperbolic functions can be derived using the same technique.

3.7 SOLUTIONS AND ANSWERS

=/l
%12 cos"! xsinx n-1 (¥
El) Wehlch cos" xdx = i m— cos" ?xdx, n 2 2
n n
- /2
= ﬂ_] > :m"z ldl
n (V]
- ] - x/2
- n=3 cos” ™ xdx
n n-2
‘n-1 n-3 n-5 1 n2
- ” 3.1 I cos? xdx, if n is even
n n-2 n-4 4 2 4o :
n-1 H—3 11—5 = 4 2 LI : .
Craree™ = cos xdx, if n is odd
n n-2 n-4 3 3 jo

E2) a)

b)

E3) I, =

Bl Ang B lliifDiS:\l’tﬂ
n i=3 -4 4 2 2
n-1 n-3 n-5 4 2
...... — . — if s odd

n n-2 n-4 531nln
x/2
Lcns’xd::i E=i

5 3 15
a3 5 1.8 I
0 6 42 2 32
I:ﬂt“xdn'.: cot"? x(cosec’x~1) dx n > 2

= .‘ cot"? cosec’xdx - I,

Reduction Formulas

81




Integral Calculus

82

n-|

b I, = I cosec"xdx = I cosec™ 2x cosec?kdx n > 2

Therefore, I, = -

- IIHI

2

= - cosec” “xXcotx - I {n-Z}mm"I:mtz x dx

= - cosec" ?*xcotx - (n=2) I cusec'“::{cnﬁmlx*]} dx

= - cosec™ %x cotx — (3-2)I, +(n-2) I,

- cosec”?x cotx L

A
. n-1 n-1

II'I

1 3 ~cosecx cotx %% 1 w2
B4) | cosec xdx = 3

Es)“'“:lilu'll_‘.lliﬂlmlldl

[ 1
cos™*
=4 N+l

+cifn= -1

[~ Injcosx|+ ¢ if n = -1

E6) m+n=0=n=-m=m is a positive integer.

sin™ x
cos™ x

Imnjﬂn":m"'xdx= I dx=Iun"nd:

Now use the formula for I tan™ xdx

n/2
T | [
E7) a) Enll':ll! xcos® xdx = — :m ~ :L +% rﬂﬁn:m’m

6 =/
2 -2 cos X 'I

= sin x cos® xdx = —
8 6

24
/2
cosxsin’ x +_L x/2
10 10 Jo

x/2 8 3 « B
IJ]I sin” xcos” xdx = sin” x dx
0



Reduction Formulas

o |
b) L,=Ic“sinxdx== mx—-—_[:“c:usxdx
a a
an _- ax
=IE .!l.nl_ﬂ ?l- llje“sin:uh_
a a a
F an - ax
. Ie“sinxdx=lc m:x_c cu:x
l+a l+a
n] l{asinx—cmx}+¢
+a
E9) C, =< cos"x + — J-e“r:ns"’ x sin xdx
a a

+

1

_e™cos" x . D e™ cos™ xsinx
a a

{- J'c“{{n-l)m“" xsin’ x —cos” x} dx ]
X ;]
nl SN X, ';:“:m"’ninx+
a a
12 I e™((n-1)cos™? x - ncos” x} dx
a
ecos"x n S n(n-1) n’
e +T=“ cos™ xsinx +——=C, 3 -—=C,
a a a
ae™cos"x ne™cos"'xsinx n(n-1)
L e s .3 * 77 Caa

n° +a n“+a n°+a
E10) Puta=0in the formula for C .

"1 xsin x

.'.C.=Im'xd:=m +n;l Jm"lxth

which is the reduction formula for | cos” x dx
El1) [ sinh” x dx = [ sinh""' xsinhx dx
= sinh™"' xcoshx - (n-1) I sinh™ % x cosh? xdx

= sinh™’ xcoshx - (n-1) J.sinh"'z x(1+sinh? x) dx

= sinh™™ xcoshx =(n=1)I__, —=(n=1) I,

sinh™! xcoshx n-1
ll - =2 II—~I
n n

E12) I, = Imsh“xdx= jm“‘lxmm
: = cosh™! xsinhx = (n-1) Icn:h"l x sinh? x dx

=cosh™" xsinhx - (n-1) Imsh"‘ x (cosh? x - 1) dx

‘=m]1"11!iﬂ11_(n—]] I, +(n-1) In-l

cosh™ x sinh x . n-1
n n

In - ll-I

83



